A dielectric image method is proposed which uses the polarization charges around a point charge and at dielectric boundaries. The problem of a point charge and a dielectric plate in different dielectric media is solved. The method requires only fundamental algebra and integral calculus. The solution of this problem is compared with the solution by separation of variables.
Introduction
The problem of a plane boundary between different dielectrics and a point charge is simply solved by the image method [1] [2] [3] [4] [5] [6] [7] . However, the literature does not show clearly either the reason why the effect of the different dielectrics is replaced by the so-called image point charges or the way in which the positions of the image charges are determined. Moreover, the image charge changes as an observation point moves from one dielectric to another. The author showed that the image charge is equivalent to the polarization charge at the boundary with the whole space filled with one of the dielectrics [7] . The potential in this case is represented by a single expression for both dielectrics. However, it is not wise to use a single dielectric when a problem involves multiple dielectric boundaries.
A dielectric image method is proposed which uses the polarization charges around the point charge and at the boundaries with all the dielectrics removed. This method is first applied in section 2 to the well-known problem of a point charge and a plane dielectric boundary and then to the problem of a point charge and a dielectric plate in different dielectric media. On the basis of the results in section 2, two infinite series of surface densities of polarization charge and their equivalent image charges originate from the two boundaries defined by the plate and the medium. Two infinite series of image charges were treated in the problem of two plane dielectric boundaries and a point charge midway between them [1] . However, the position of the point charge is not general and the physical origin of the image charges is essentially not clarified.
A point charge and a plane dielectric boundary
Two dielectrics of permittivities L and R define a plane boundary S, and a point charge q is placed as shown in figure 1. Both dielectrics are removed and a polarization charge q p and a surface density σ of polarization charge are set instead around the charge q and at S, respectively, as shown in figure 2 . The charge q p is, strictly speaking, a surface charge but may be regarded as a point charge since it is very close to the point charge q. When P is the polarization vector on a small spherical surface with radius ξ centred at q and dS is a surface element vector, the charge q p is expressed as
A single point charge q 0 = q + q p = ( 0 / L )q may be set instead of q and q p . The density σ appears at the boundary S as the difference between the polarization charges on the dielectric surfaces in contact. The left-and right-hand electric fields E L and E R normal to S at a point Q in figure 2 are
These are the same as the fields in the real dielectrics. The boundary condition L E L = R E R on S leads to The electric potential V σ due to σ at a field point P(0, z) on the z-axis is
The potential V σ for z < a or a < z is equal to that due to an equivalent point charge q 1 placed
The total potential is the sum of those due to point charges q 0 and q 1 .
When the point charge q is in the right-hand dielectric of permittivity R at a distance d from the boundary S, a single point charge q 0 = ( 0 / R )q and a surface density σ are similarly set. The fields E L and E R in this case are
The same boundary condition leads to
If q 1 in equation (4) is replaced by that in equation (6), equation (4) gives the potential due to σ in this case also.
A point charge and a dielectric plate
A point charge q and a dielectric plate of permittivity 2 are both in a dielectric medium of permittivity 1 as shown in figure 3 . The potential due to the charge q is obtained, using the results of section 2 once again. The medium, the plate and the charge q are removed and two plane boundaries S a and S b and a point charge q 0 = ( 0 / 1 )q are placed as shown in figure 4 . First assume that only the boundary S a and the density σ aa1 at S a are present. The displacement of L , R , σ, q 1 and V σ in equations (3) and (4) (3) and (4) 
Note that L = 2 and R = 1 . When both boundaries S a and S b are present, the charge q 0 and the density σ aa1 indeed satisfy the boundary condition on S a but not on S b . A new density σ ab1 must be at S b to fulfil the condition on S b . In turn, the density σ ab1 together with σ aa1 satisfy the condition on S b but not on S a . Once again, a second stage density σ aa2 must be at S a to fulfil the condition on S a . A first infinite series of surface densities σ aa1 , σ ab1 , σ aa2 , σ ab2 , . . . , σ aan , σ abn , . . . originates from σ aa1 at S a . The first subscript 'a' shows the densities originating from σ aa1 at S a and the second one 'a' or 'b' shows the boundary where the density is. A second infinite series of densities σ bb1 , σ ba1 , σ bb2 , σ ba2 , . . . , σ bbn , σ ban , . . . originates similarly from σ bb1 at S b . The first subscript 'b' shows the densities originating from σ bb1 at S b . The kth stage densities σ aak and σ abk , equivalent point charges q aak and q abk and potentials V aak and V abk of the first series are calculated, again using (3), (6) and (4), and are listed for small k in table 1. Table 1 . Surface densities and potentials of the first series.
The densities and potentials of the nth stage will be written, by analogy, as
Equations (11)- (14) are proved by mathematical induction. It is obvious from table 1 that these equations hold for n = 1. Assume that the equations hold for n. A new stage density σ aan+1 together with σ abn must satisfy the boundary condition on S a . The potential V abn for z < b is equivalent to that due to the charge q abn placed at z = b (6) and (4) with 
and the potential V aan+1 due to σ aan+1 , respectively, results in equations (11) and (12) with the n there replaced by n + 1. A new density σ abn+1 together with σ aan+1 must satisfy the condition on S b . The potential V aan+1 for a < z is equivalent to that due to the charge q aan+1 placed at (3) and (4) by 2 
and the potential V abn+1 due to σ abn+1 , respectively, results in equations (13) and (14) with the n there replaced by n + 1. Equations (11)- (14) thus hold for an arbitrary value of n.
We can next write down the nth stage densities and potentials of the second series, again by analogy, as in the case of the first series. However, note that the replacement of the subscript 'a' by 'b', 'b' by 'a', a by b, d by c + d and −q 0 by q 0 in equations (7) and (8) results in equations (9) and (10). The same replacement in equations (11)-(14) results in
Equations (15)- (18) can be similarly proved. The proof is not shown since it follows almost the same procedure as in the case of the first series.
The potential V on the z-axis in the real medium or the plate is formally the sum of the potentials due to the charge q 0 = ( 0 / 1 )q and all the surface densities of polarization charge in vacuum and is written as
Discussion
The potential of equation (19) is written in the more concrete forms of V 1 for −∞ < z < a, V 2 for a < z < b and V 3 for b < z < ∞. The potential V 3 is written as
and is discussed in the case of d = a and 1 = 0 . This potential is the sum of those due to equivalent point charges (1 − β)β 2n q and (1 − β)β 2n+1 q placed in vacuum both at z = −2nc (n = 0, 1, 2, . . .). When a surface density σ is axially symmetric, it is equivalent to a point charge for an observation point even off the z-axis also [7] . The potential V 3 at a point (ρ, z) results from the replacement of z + 2nc in equation (20) and is written as
This agrees exactly with the solution by separation of variables [2] . This solution is orthodox and of good scientific level. However, the knowledge of Bessel functions and their integrals is necessary for this solution. Furthermore, the expression for the solution is different in the three regions separated by z = a and z = b. On the other hand, fundamental algebra and integral calculus alone are sufficient for the solution by the present image method. Moreover, a single expression, albeit including absolute values, gives the potential throughout the regions.
